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We study nonlinear waves on a plane-wave background in an erbium-doped fiber system, which
is governed by the coupled nonlinear Schro¨dinger and the Maxwell-Bloch equations. We find that
prolific different types of nonlinear localized and periodic waves do exist in the system, including
multi-peak soliton, periodic wave, antidark soliton, and W-shaped soliton (as well as the known
bright soliton, breather, and rogue wave). In particular, the dynamics of these waves can be extracted
from a unified exact solution, and the corresponding existence conditions are presented explicitly.
Our results demonstrate the structural diversity of the nonlinear waves in this system.
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I. INTRODUCTION
Nonlinear waves propagating in an erbium-doped fiber
has attracted special attention, since the resonant ab-
sorption of the erbium-doped two levels system is a good
solution to the fiber-optic signal attenuation problem
[1]. In general, the dynamic of nonlinear waves in the
erbium-doped fibers is described by the coupled nonlin-
ear Schro¨dinger and the Maxwell-Bloch (NLS-MB) mod-
els [1–3]. Like the standard NLS model, the standard
bright (i.e., zero background) solitons [2, 3], and the lo-
calized waves on a plane-wave background, such as rogue
waves [4, 5] and breathers [5, 6] in the NLS-MB system
have been demonstrated.
However, in contrast to the scalar NLS system, the cou-
pled NLS-MB system possesses some additional system
parameters and allows for interaction between different
components, which potentially yields rich and significant
localized-wave dynamics. Indeed, recent studies indicate
that rich nonlinear localized structures do exist in the
coupled NLS systems [7–15], such as rogue waves with
different structures [7–9], coexistence of different types
of localized nonlinear waves [10–13], and so on [14, 15].
On the other hand, due to the breaking of the Galilean
transformation for the plane-wave background fields, the
background frequency plays a key role in the types of
nonlinear waves and cannot be ignored in the coupled
NLS-MB system. In fact, it is demonstrated recently
that the different values of the background frequency in
the higher-order NLS model (where the Galilean transfor-
mation is broken) can induce different types of localized
waves [16, 17]. Motivated by these results, we shall study
prolific types of nonlinear waves in the NLS-MB system.
In this letter, we present intriguing different types of
nonlinear localized and periodic waves in an erbium-
doped fiber system, including multi-peak soliton, pe-
riodic wave, antidark soliton, and W-shaped soliton
∗Electronic address: zyyang@nwu.edu.cn (Zhan-Ying Yang); nwu-
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(as well as the known bright soliton, rogue wave, and
breather). It is found that these waves can be extracted
from a unified exact solution under specific parameter
conditions. In particular, the multi-peak soliton could
be regarded as a single pulse formed by a nonlinear su-
perposition of a soliton and a periodic wave, where each
has the same velocity.
II. NLS-MB SYSTEM AND DIFFERENT TYPES
OF NONLINEAR WAVES
We consider a resonant erbium-doped fiber system gov-
erned by a coupled system of the NLS-MB equations [1–3]
Ez = i(
1
2
Ett + |E|2E) + 2P,
Pt = 2iωP + 2Eη,
ηt = −(EP ∗ + PE∗), (1)
where E(z, t) is the slowly varying envelope field; P (z, t)
is the measure of the polarization of the resonant
medium, which is defined by P = v1v
∗
2 ; η(z, t) denotes
the extent of the population inversion, which is given by
η = |v1|2 − |v2|2, v1 and v2 are the wave functions of the
two energy levels of the resonant atoms; ω is the carrier
frequency, and the index ∗ denotes complex conjugate.
In order to study abundant types of nonlinear structures
in the NLS-MB model in contrast to the previous results
[2–6], we first introduce the following plane-wave back-
ground solution with a generalized form
E1 = ae
iθ, P1 = ikE1, η1 = ωk − qk/2, (2)
where θ = qt + νz, ν = a2 + 2k − q2/2, a and q repre-
sent the amplitude and frequency of background electric
field, respectively, and k is a real parameter which is re-
lated to the background amplitude of P component. If
the background amplitudes vanish, Eq.(2) reduces to the
trivial solution, which can be used to generate standard
bright soliton solutions [2, 3, 18, 19]. Here we will pay
our attention to different types of nonlinear structures in
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2electric field, i.e., the pulse propagation in the E compo-
nent. We omit the results in the P , η components, since
their types of nonlinear waves are similar to the ones in
the E component with the same initial physical parame-
ters. We present the first-order exact nonlinear wave on
the plane-wave solution (2) to reveal rich different types
of nonlinear waves. The construction method is based on
the Darboux transformation technique [20] applied to the
Lax pair associated with the NLS-MB model. For the de-
tails, one can construct the solution by solving the partial
differential equations (Lax pair) starting from the initial
seed solution (2). After that the general first-order exact
nonlinear wave solution on the plane-wave background in
the E component is given
E = E1
{
1− 8bm1[sin (γ + µ1)− i sinh (β + iµ1)]
m3 sin (γ + µ2)− im2 sinh (β − iµ3)
}
,
(3)
where
β = ζ(t+ V1z), γ = σ(t+ V2z),
V1 = υ1 + bσυ2/ζ, V2 = υ1 − bζυ2/σ,
υ1 = kω/(b
2 + ω2)− q/2, υ2 = 1− k/(b2 + ω2),
m1 =
√
(iζ − σ)2 + (2b+ iq)2,
m2 =
√
(α1 + α2)2 − 4(2bζ + σq)2,
m3 =
√
(α1 − α2)2 + 4(2bσ − ζq)2,
α1 = 4a
2 + 4b2 + q2, α2 = ζ
2 + σ2,
ζ =
(√
χ2 + 16q2b2 + χ
)1/2
/
√
2,
σ =
(√
χ2 + 16q2b2 − χ
)1/2
/
√
2,
χ = 4b2 − 4a2 − q2, µ1 = arctan
(
2b+ iq
σ − iζ
)
,
µ2 = arctan
(
α1 − α2
4bσ − 2qζ
)
, µ3 = arctan
(
α1 + α2
2iqσ − 4ibζ
)
.
The above expressions depend on the background wave
amplitudes a, k, the background wave frequency q, the
real parameter b ( 6= 0), and the frequency ω. Once the
structural parameter ω is fixed, we are left with four in-
dependent parameters a, k, q, b.
Remarkably, we find that the unified solution (3)
describes abundant different types of nonlinear waves
through different choices of the system parameters. For
the details, we present a table (Table I) for the types of
nonlinear waves and the corresponding chosen parameter
conditions. To our knowledge, some new types of non-
linear waves such as multi-peak soliton, periodic wave,
antidark soliton, and W-shaped soliton, are found in the
system for the first time.
To reveal the properties of these new types of non-
linear structures in the system, let us pay our atten-
tion to the explicit function expression of the solution
(3). It depends on the hyperbolic functions (sinhβ) and
the trigonometric functions (sin γ), where β and γ are
real functions of z and t, and V1, V2 are the correspond-
ing velocities. In this case, the hyperbolic functions and
trigonometric functions describe the localization and the
periodicity of the transverse distribution t of the nonlin-
ear waves, respectively. Hence this nonlinear structure
could be regarded as a single pulse formed by a nonlin-
ear superposition of a soliton and a periodic wave with
velocities V1, V2. One should note that the nonlinear
wave solution (3) is different from the two-soliton com-
plex solutions [24, 25] which mix hyperbolic functions of
two different (spatial) arguments. Interestingly, we find
that the nonlinear waves described by the unified solution
(3) exhibit structural diversity depending on the values
of velocity difference, i.e., V1 − V2.
Nonlinear wave type Existence condition
Breather b2 + ω2 6= k, a 6= b
Rogue wave b2 + ω2 6= k, a = b
Multi-peak soliton b2 + ω2 = k, q 6= 0
Periodic wave b2 + ω2 = k, q = 0, a2 > b2
Antidark soliton b2 + ω2 = k , q = 0, a2 < b2
W-shaped soliton b2 + ω2 = k , q = 0, a = b
TABLE I: Types of nonlinear waves in NLS-MB system.
(a) (b)
FIG. 1: (a) Intensity distributions (I = |E|2) of multi-peak
solitons on a plane-wave background, (b) is the profile of (a)
at z = 0. The parameters are a = 1, b = 0.5, ω = 2, and
q = 10.
In the case of nonzero velocity difference, i.e., V1 6= V2,
which implies υ2 6= 0 (thus k 6= b2 + ω2), the expres-
sion (3) describes localized waves with breathing behav-
ior on a plane-wave background (i.e., breathers and rogue
waves). Here breathers are the localized breathing waves
with a periodic profile in a certain direction; rogue waves
are rare, short-lived, and localized in both space and
time, which are some special cases of breathers. More
specifically, if q = 0, υ2 6= 0, we obtain the Akhmediev
breathers [21] with a > |b|, the Kuznetsov-Ma breathers
[22] with a < |b|, and the Peregrine rogue waves [23] with
a = b. We note that the solution (3) includes, as a special
case V1 6= V2, the breather and rogue wave solutions in
the NLS-MB system that was reported in [4–6].
Instead, if V1 = V2, q 6= 0 (thus ζ 6= 0, σ 6= 0), the pulse
3described by solution (3) is formed by a nonlinear super-
position of a soliton and a periodic wave, where each has
the same velocity υ1. This result is well depicted in Fig.
1. As expected, in this case, the expression (3) describes
a new multi-peak soliton-like pulse propagating along z
direction. Namely, the feature of this wave comes from
a mixture of a soliton and a periodic wave. It is inter-
esting, as it looks like higher-order solitons but appears
on a plane-wave background. It should be pointed out
that this wave structure is different from the multi-soliton
complex [26] formed by a nonlinear superposition of fun-
damental solitons in coupled NLS systems. We also note
that similar multi-peak structures has been observed nu-
merically in the AC-driven damped NLS system [27, 28].
The similarity between the multi-peak NLS-MB solitons
reported here, and the AC-driven solitons [27, 28], is not
coincidental. In the limit η → 0, the NLS-MB system (1)
reduces to the AC-driven NLS equation.
Additionally, the plane-wave background frequency q
has real effects on the structures of multi-peak localized
structures, since the corresponding solutions cannot be
correlated though the Galileo transformation. As shown
in Fig. 2, we note that, by decreasing the value |q|, the
numbers of the peaks and the amplitude of the wave de-
crease. This implies that one can control the nonlinear
excitations via the incident light frequency.
FIG. 2: Amplitude profiles (|E|) of multi-peak solitons on
a plane-wave background as the background frequency q de-
creases, (a) q = 10, (b) q = 5, (c) q = 1. The parameters are
a = 1, b = 1.2, and ω = 1.
In order to better understand this multi-peak local-
ized structure of the NLS-MB system (f.i., see the wave
in Fig. 1), we will extract separately the periodic wave
and soliton from the multi-peak soliton. Specifically, the
soliton exist on its own when σ vanishes (thus q = 0,
a2 < b2), while the periodic wave exist in isolation when
ζ vanishes (thus q = 0, a2 > b2). Correspondingly, the
explicit expressions read, for the soliton,
Es = E1
[ −2s21
a2 + b2 coshχ1 − bs1 sinhχ1 − 1
]
, (5)
where χ1 = 2s1(t + ωz), s1 =
√
b2 − a2, and for the
periodic wave,
Ep = E1
[
2s22
a2 + b2 cosχ2 + bs2 sinχ2
− 1
]
, (6)
where χ2 = 2s2(t+ ωz), s2 =
√
a2 − b2. We then depict
the typical intensity distributions |Es|2, |Ep|2 in Figs. 3
and 4.
Figure 3 depicts the solitary wave propagating along
z direction. It is shown that this soliton lies on a plane-
wave background with a peak |Es|2max = (2b−a)2, which
is called antidark soliton. As is well-known, the existence
of antidark solitons is first demonstrated in the scalar
NLS system with the third-order dispersion [30]. It is
interesting that our result shows that antidark solitons
can be induced by the multi-component coupling in the
NLS-MB system. We also find that, as a→ 0, this wave
will become a standard bright soliton.
(a) (b)
FIG. 3: (a) Intensity distributions (I = |E|2) of anti-dark
solitons, (b) the profile of (a) at z = 0. The parameters are
a = 1, ω = 1, and b = 1.5.
Figure 4 shows the periodic waves propagating in z di-
rection with the period Dt = pi/
√
a2 − b2 along t. We
note that, these waves can exhibit different structures as
the period Dt increases. Specifically, compared to the
periodic wave on a vanishing background in Fig. 4(a),
Figure 4(c) depicts a periodic wave on a plane-wave back-
ground, whose fundamental unit shows a W-shaped soli-
ton structure [29] with two valleys and one peak. It is
interesting, as it is a new type of periodic wave but ap-
pears from the same solution. In particular, as the period
Dt → ∞, i.e., b → a, the periodic wave will become a
single pulse with the W-shaped structure, as shown in
Fig. 5. In this case, Eq. (6) reduces to the following
rational form
Ew = E1
[
1− 4a
2(t+ ωz)2 − 4a(t+ ωz)
2a2(t+ ωz)2 − 2a(t+ ωz) + 1
]
. (7)
The maximum height of the W-shaped wave is nine times
the background intensity while the minimum is zero.
Although this property is the same as the one of the
Peregrine rogue waves, the W-shaped wave features the
soliton-like propagation properties. It should be pointed
out that W-shaped solitons with rational expressions in
scalar NLS systems have been induced by some higher-
order effects [16, 17]. In contrast, the generation of the
W-shaped solitons in this system is associated with the
interaction between different components.
4(a) (b)
(c) (d)
FIG. 4: Intensity distributions (I = |E|2) of periodic waves
with different structures as the period increases, (a) a periodic
wave on a vanishing background with b = 0.5, (c) a periodic
wave on a plane-wave background with b = 0.9. (b) and (d)
are the profiles of (a) and (c) at z = 0. Other parameters are
a = 1, and ω = 1.
(a) (b)
FIG. 5: (a) Intensity distributions (I = |E|2) of W-shaped
solitons, (b) the profile of (a) at z = 0. The parameters are
a = 1, ω = 1.
III. CONCLUSION
In summary, we have investigated nonlinear localized
and periodic waves on a plane-wave background in an
erbium-doped fibre system. Abundant intriguing differ-
ent types of nonlinear waves, including multi-peak soli-
ton, periodic wave, antidark soliton, and W-shaped soli-
ton (as well as the well-known bright soliton, breather,
and rogue wave), have been extracted from the unified
exact solution (3). Additionally, our results have shown
that the numbers of the peaks of the multi-peak soliton
can be controlled by the background frequency. These re-
sults demonstrated the structural diversity of nonlinear
waves in this system.
On the other hand, our results could provide possi-
bilities to study the nonlinear interactions of different
types of nonlinear waves in this system. For example,
like recent progresses in [10–13, 31–33], in which they
demonstrated the coexistence and attractive interactions
between rogue waves and other types of localized waves,
and the generations of rogue waves from different local-
ized wave backgrounds. Hence it will be interesting to
study the nonlinear interactions between rogue waves and
other-type waves (such as multi-peak solitons, periodic
waves, and anti-dark solitons) by virtue of higher-order
solution of the NLS-MB system. Details will be given
elsewhere.
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